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We construct a theory in which the gravitational interaction is described only by torsion, but that 
generalizes the Teleparallel Theory still keeping the invariance of local Lorentz transformations in 
one particular case. We show that our theory falls, to a certain limit of a real parameter, in the f{R) 
Gravity or, to another limit of the same real parameter, in a modified f{T) Gravity, interpolating 
between these two theories and still can fall on several other theories. We explicitly show the 
equivalence with f{R) Gravity for cases of Friedmann-Lemaitre-Robertson-Walker flat metric for 
diagonal tetrads, and a metric with spherical symmetry for diagonal and non-diagonal tetrads. We 
do still four applications, one in the reconstruction of the de Sitter universe cosmological model, for 
obtaining a static spherically symmetric solution type-de Sitter for a perfect fluid, for evolution of 
the state parameter lode and for the thermodynamics to the apparent horizon. 

PACS numbers: 04.50. Kd, 04.70.Bw, 04.20. Jb 


I. INTRODUCTION 

One of the most important events in modern physics is that our universe is expanding accelerated However, 
a plausible explanation for this is commonly done using the model of a very exotic fluid called dark energy, which 
has negative pressure. Another well-known possibility is to modify Einstein’s General Relativity (GR) [5], making 
the action of the theory depend on a function of the curvature scalar R, but at a certain limit of parameters the 
theory falls on GR. This way to explain the accelerated expansion of our universe is known as Modified Gravity or 
Generalized. Gonsidering that the gravitational interaction is described only by the curvature of space-time, we can 
generalize the Einstein-Hilbert action through analytic function of scalars of the theory, as for example the gravities 
f{R) [3], with R being the Ricci scalar or curvature scalar, f{R, 0) [1], with 0 being the trace of energy-momentum 
tensor, or yet f{G) [5], f{R,G) [6] and /(R, 0, [7], with 0^“^ being the energy-momentum tensor. 

An alternative to consistently describe the gravitational interaction is one which only considers the torsion of space- 
time, thus cancelling out any effect of the curvature. This approach is known as Teleparallel Theory (TT) [5], which 
is demonstrably equivalent to GR. In order to describe not only the gravitational interaction, but also the accelerated 
expansion of our universe, Eerraro and Eiorini [9] proposed a possible generalization of the TT, which became known as 
/(T) Gravity (TU], in which up to now has provided good results in both cosmology as local phenomena of gravitation. 
A key problem in /(T) Gravity is that it breaks the invariance under local Lorentz transformations complicating 
the interpretation of the relationship between all inertial frames of the tangent space to the differentiable manifold 
(space-time) |11] . This problem may lead to the emergence of new degrees of freedom spurious who are responsible for 
the breakdown of the local Lorentz symmetry m- A consequence of the formulated theory using a scalar which is not 
invariant by local Lorentz transformations, the torsion scalar T in this case, is that instead of the theory presenting 
differential equations of motion of fourth order, as in the case of the f{R) Gravity, it has second-order differential 
equations. That seems like a benefit but is a consequence of this fact on the local Lorentz symmetry. We still have 
which this generalization of the TT is not equivalent to generalization f{R) for RG. 

This is the main reason that will address the construction of a theory that generalize the TT, but which still keep 
the local Lorentz symmetry on a particular case. Therefore, it is clear that we must build the function of action with 
dependence on a scalar that at some limit is invariant under local Lorentz transformations. It will be shown soon 
forward. 

The paper is organized as follows. In section|n]we do a review of f{T) Gravity, introducing the functional variation 
method used in this work, obtaining the equations of motion of this theory, noting a poorly treated point at the limit 
to GR. In section |III| we propose the action of Generalized Teleparallel Theory, we obtain the equations of motion 
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through functional variation of the same and compared with f{T) Gravity. We show the equivale nce of our theory 
with f{R) Gravity, in the case of cosmology for the line element of flat FLRW metric in subsection IV A[ and also in 
the case of a spherically symmetric line element in subsection IV B| We show still the equivalence of our theory with a 
particular case of f{T,B) Gravity in section]^ In section VI we make four applications, one where we reconstructed 
the action of our theory for the universe of the model of de Sitter, another where we obtain a static type-de Sitter 
solution; we analyse teh evolution for the state parameter to dark energy and the thermodynamics for a cosmological 
model. We make our final considerations in section Eul 


II. THE EQUATIONS OF MOTION FOR f{T) GRAVITY 


The geometry of a space-time can be characterized by the curvature and torsion. In the particular case in which we 
only consider the curvature and torsion being zero, we have defined, together with the metricity condition "S/^gap = 0 
where gap are the components of the metric tensor, a Riemannian geometry where the connection is symmetric 
in the last two indices. Already in the particular case that we consider only torsion (Riemann tensor identically zero, 
case without curvature) in the space-time, we can then work with objects that depend solely on the so-called tetrads 
matrices and its derivatives as dynamic fields. 

In the space-time having only torsion, the line element can be represented through two standard forms 

dS'^ = gf^vdx^dx'-' = riabd°‘d^ , ( 1 ) 

where we have the following relationships g^i, = g^'' = 0“ = e°‘^dx^, ^ = S^, 

with being the tetrads matrices and its inverse, and \rjab\ = diag[l^—l,—l^—\] the Minkowski metric. We 
adopt the Latin indices for the tangent space and the Greeks into space-time. 

We will first establish the equations of motion for the theory /(T), thus showing that the functional variation 
method adopted here is consistent. 

We restrict the geometry to of Weitzenbock where we have the following connection 


— P ^ f) p^ — _ p^ c) P ^ 

All Riemann tensor components are identically zero for the connection 
the tensor of torsion and contortion as 


rpa _ po- _ per _ a a 

)j.v ^ L'fj, ^ /ij/ V A* K 


_ rpl/^ _ rri 

^ a 2 ^^*^ ^ OL ^ Oi ) ' 


( 2 ) 

([^. We can then define the components of 

, (3) 

( 4 ) 


We can also define a new tensor, so we write a more elegant way the equations of motion, through the components of 
the tensor torsion and contortion, as 


- 2 



( 5 ) 


We define the torsion scalar as 

rp _ rpoL o fJ-v _ 'Y 4- Y^iyfJ. _ Y^(x y^^!^ 

^ ^ ' 2^ a ^ fia.^ ^ ■ 1*^/ 

Some observations are important here. The first is that there is a direct analogy to a space only with torsion and 
another considering only curvature in that the connections are related by 

, (7) 

where T"^,^ is the Levi-Givita connection, which is symmetric in the last two indices. The second observation is 
that the torsion scalar T is not a Lorentz scalar (in the tangent space), being only a scalar in the tensorial indices 
(space-time) [ 13 ]. This is precisely the cause for that theory built starting this scalar breaks down the invariance by 
local Lorentz transformations. We can in reality build the curvature scalar analog, through of the torsion scalar, to 
relation [13] 

R=-T- = -T- 2e-^d^ {eg^^T\^) , 


( 8 ) 
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where e = det[e°'^] = ^/—g, with g = det[g^,y]. The curvature scalar i? in (jSj) is a Lorentz scalar as well as a scalar on 
tensorial indices. That is why the f{R) Gravity is a theory that is invariant under local Lorentz transformations and 
general coordinates transformations (tensorial). 

Is then possible to construct a generalization of the Teleparallel Theory (TT) using the following action of the /(T) 
Gravity, 


^f(T) —Id xCf(T'i — 


f{T) 




f{T) ~ ^matter 


(9) 


where = SirGNewton, f{T) is a function of the torsion scalar and Lmatter is the Lagrangian density of the material 
content. We call attention to the true sign (—) in the front of the matter term. This so far has not been explicitly 
addressed in the literature of this theory, because we still have few models that couple content materials that need 
to be obtained through functional variation in principle. This signal is essential if the theory is equivalent to GR at 
some limit. It will soon be clear forward. 

Making the functional variation of the action ([^ we have 


5Sf(T) = ^ J d^x[fSe +eSf-2 k^ 6Chatter] , 


1 

2k'^ 


de 

de°-„ 




— / d*xSC. 


matter 5 


— SSt ^Smatter : 

with SSmatter — J* d^x SCrnatter- Now Ict’s do first the functional variation of the matter term, 

dC'rnatter | ^^matter 


( 10 ) 


SSr, 


= / d X 


5e“ 


d{dae<^P 




that making the integration by part of the latter term, considering 5e°^^ 

1 


surface 


= 0 , we have 


SS, 


matter — 


2k‘^ 

1 


d^x 2 k"‘ 


fir 

^^matter r a o 


va(aae“„) 




= pp ^ e0„‘"(5e“^ , 


( 11 ) 


where Qp = , and we define Qp as being the energy-momentum tensor. 

We have now the functional variation of geometric part. 


1 


2k'^ 


de 


df 


= ^ d‘^x\f—5e\ + eP- 


9e“ 


dT 


dT 




dT 


a((9«e“„) 


d(d^eP) 


Doing integration by parts the last term, considering Se°' 

1 


^ I surface 


= 0 , we obtain 


SSt = 


2k2 


.li i f die dT 


e/r 


dT 

5((9„e“^)_ 


5e^ 


( 12 ) 


where /r = df/dT. Taking (111 and ([T2|) and replacing in (10), and imposing the principle of least action SSf(^T) = 0 
and multiplying by e“^e“j,/2, we have the following equation of motion 


— 1 _a 


n/ e-^e' 


de 
’ de°^„ 


I 1 ^ o dT 1^-i^a p 


e/r 


dT 




- ^2 0 <T ^ Q_ 


Substituting the derivatives 


de 

de°-„ 


dT 


dT 


= P P _ = —Ap <? _ 

“ ’ de\ “ “ ’ didp,e\) 




(13) 


(14) 


in (13) we finally have the equations of motion of the f(T) Gravity 

^fS: - 2fTT<^p,Sj’^ - 2e-^e\dp, [efrejs^'^] - = 0. 


(15) 
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Now we make use of identity m 


[e-^e\d^ {ee/S^-^)+TXSj’^] = 


G / - ^5:t 


with G'^'^ being the mixed components of the Einstein tensor, for rewrite (15) as 

- 2S,^^d^fT + /tG/ + If - /tT] = . 


(16) 


(17) 


This theory falls on Einstein’s General Relativity with a cosmological constant, when we make fiT) = T — 2A. 
Here it becomes clear that if we do not consider the sign (—) in front of the matter term in action ([^ in the theory, 
we do not return to GR for a linear f(T) function, reaching a opposite signal to Einstein’s equation. This fact will 
be crucial to show later that an invariant theory by local Lorentz transformations, as the f{R) Gravity, can not fall 
in /(T) Gravity, since these have opposite coupling signs to the matter term. 

Sotiriou et al m have shown that f{T) Gravity does not preserve its equations of motion invariant by local Lorentz 
transformations. It is in relation to this problem that we then construct a generalization of the Teleparallel Theory 
that preserves the invariant of the equations of motion for a local Lorentz transformation. This will be addressed in 
the next section. 


III. EQUATIONS OF MOTION ON GENERALIZED TELEPARALLEL THEORY 

An important identity is given by i? = —T — 2'V^T^^p, where R is the curvature scalar associated with a Riemann 
tensor defining solely by Levi-Givita connection where the indices (/riz) are symmetric, and the covariant 

derivative V is defined by this connection. The curvature scalar is by definition invariant through a local Lorentz 
transformation, but it is also invariant through a general coordinate transformation. So it would be interesting to 
develop a theory that generalize the TT but that the functional action depends on an invariant under local Lorentz 
transformations. This is not the case on f{T) Gravity. 

We propose the following action 


Sgtt = / d'^x 


2^2 (^) ^matter 


(18) 


where we define 


T=-T- 2aMT\s = -T- 2ai e-^d^ {eg^^T\^) ■ 


(19) 


This action generalizes TT and falls on a modified /(T) Gravity as well as f{R) Gravity. We can show this by making 
the limit Oi —>■ 0, where we have T —>■ —T, ergo /(T) —/(—T), f-j——fx and the theory must be equivalent to a 
modified f{T) (we’ll see this later). Moreover, we can regain f{R) Gravity, making the limit oi —>■ 1, where we have 
T ^ R, then the theory must be equivalent to f{R). We show this explicitly through the equations of motion later 
on. 


By performing the functional variation of the action (181 we obtain: 

SSgtt = ^ J d'^x [fSe + eSf + 2K^5C„ratter] ■ 

As Sgtt = Sgtt i9cte“^, , in which are the matter fields, doing, 

SSgtt = SSt + SSmatter ) 


( 20 ) 


( 21 ) 


^Ifk SSmatter — f d^x SCmatter in the same manner as in f{T) Gravity. The functional variation of the matters term 
( [M] ) is exactly the same as given in (111. 

The geometric part is 


SSr = ^ J d'^x [f Se + e Sf] 


1 




+efrST 


( 22 ) 
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where we use fj- = df/dT- The first term in (22) is already known, we will pay attention to the second term. 
Performing the functional variation to T in (19) we obtain 


ST = -ST-2ai6[e-^d^{eg>^^T%)] 

= -ST - 2a, [-e-^d^ Se + e-^Sd^ . 


(23) 


replacing in (22) taking into account the functional variation of T and e we have, 

dT 


1 


2k2 


de 


= TTTy / d - e/r 




de°- 




H“2ai 


de 


e-^fTd,{eg^^T^p^)—Se\ - frSd.ieg'^^T’^p^) 


(24) 


Now we do the integration by part in the terms containing S{dae°’^) and Sd^{eg^^^T''p^). The first integration by 
parts is given by 




dT 


a(9„e“^) 


S{d^e\) = -^ J d*xd^ 


dT 


+ 


2k2 


d^xdn 


efr 


dT 


9(5ae“„) 


SeT 


(25) 


where the first term is zero because it is a surface term, which we consider i5e“ 


^I surface 


= 0. The second integration 


by parts is given by 

■ S/ = -^ J d^^d, [fr 5{eg^PT''p,)\ +^J d^d^fr) 5{eg^^T''p,) , (26) 

with the first term is null for being a surface term. Then we have 


■ S/ d^x frSd,{eg^PT%) = ^J d^d.fr) 

Making use of the following relationship 




de 

de°-„ 


Se\ + eTTJg>^P + eg^^f^ST 


/31/ 


5g^^ = 5 = -(/'^e/<5e^ + g^^e/Se\). 


(27) 


(28) 


and replacing (25) and (j^ in (241, developing the terms of 5T''p^ we have 


dT 


-\-‘2(X\ 


dp 

e-^frd^{eg^^T-p,)—Se\ + {d.fr) 


Pi £3 

n^rpv Si^a 

3 ^ dv Q^a <3 


(5e“ 


dT'' dT'' 

-eT''p, {gP'^e/Se\ + g^^e/Se^) + eg^^^Se\ +eg^P A do.e\ 


d{dae°'^) 

At this point we see that we still have to do an integration by parts in the last term, ie, 


(29) 


‘l(l\ 


dT^ 


5eT 


(30) 


where once again the first term vanishes due to be a surface term. Replacing this result in (29) we obtain 

dT 


dST= 7 p 3 . I d^xi - e/r 


2k2 


de° 


dT 

de''^ 


d. 


efr 


9(5ae“„) 


+ 2ai 

dT^ 


e-^frdPeg^^Tj^,) 


de 

de°-„ 

dT’' 


P) n'T'^ ~\ r n'T'^ 
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Now we must replace those derived from T, e and in relation tetrads and its derivatives. Taking into account 
the results of /(T), we have the following derivative, 


de _ ^ dT 

dT' 


f)T 

— —Ap Q 


— Ap — _p 

: Q^a ^ y 


d{d^ 


^ {S<^S: - 6:5^^) . 

-- a) 


(32) 

(33) 


Substituting the above derivatives in (31), making SSgtt = 0 in (21) and multiplying by we have the 

following equation of motion for the Generalized Teleparallel Theory 


^SZf + 2/rT^,^5/" + 2e-ie“^9„ [e/re/^/"] + frSZd^ieg^^T’'^,) + (d^fr) [SZg^^T-'p, 

- - g^^T^pJ\ - e-^e\d^ [e(5^/r)(5^“e„'^ - | + = 0. (34) 


Taking the limit in which ai —>■ 0 (T —>■ —T,f = f{—T),f-j ->■ —Jt), making T ——T the equation of motion 


(34) does not fall exactly on the equation of motion of the f{T) Gravity in (15). This happens to the fact that the 
relationship between the curvature scalar and the torsion scalar are through a minus sign, which prevents a theory 
as f{R) Gravity, in which the coupling signal with matter is positive, fall in a theory like /(T) Gravity, in which the 
coupling signal with the matter should be negative so that it falls within the GR. In the next section we’ll show the 
equivalence between the GTT and f[R) Gravity. 


IV. EQUIVALENCE BETWEEN GTT AND f{R) GRAVITY 


Let’s start this section showing the equivalence of GTT with /(i?) Gravity in the limit oi —)■ 1, to general tetrads. 
Let us first establish some necessary identities, as arising from the condition of metricity 

y^g^u = Vp.g^'' = 0 , dp,g^, = f + f = -f - f . (35) 

With it the identity daC = eg^''dagnv becomes 

5„e = 2ef . (36) 


Now we can divide the equation of motion (34) in terms such as 


t(i) + = 0, (37) 

= IsZf + 2/rn.5/- + 2e-ie“^a<, [e/re/5^“‘^] + a,e-^ fr6Zd^{eg^^T ''^^), (38) 

t( 2) = ai id^fr) [SZg^^T''p,. - SZg^^T-^pp - - g^^T^p ^], (39) 

T(3) = [e(a^/r)(g'^“e,- - . (40) 

Developing the last term we have 


T( 3 ) = -aiSZDfr + - aie-^e^^ {d^fr) 






Using ([^, (|^, (|^, ([^, ( [^ and (36) in (39) and (41) we have the sum of terms and results in 

T{2) + y(3) ^ -a.SZQfr + . 


(41) 


(42) 


Now we use the identity (16) in (38), then we can rewrite the equation of motion (37), using (42), as follows 


- /rG^ - ai [6Za - fr + l [-Tfr + f]SZ + = 0. 


(43) 
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Considering T = T{—T — aiB), with B = 2dij,{eg^^T''p^), we have to GTT will only be equivalent to f{R) Gravity 
in the limit oi —>■ 1, so T —>■ Ti and the term 2S^°‘^dafT must be identically zero, as shown in Section III subsection 
C to |15j . When this term vanishes, we have exactly one theory invariant by local Lorentz transformations, which 
occurs only when ai —>■ 1 and thus the equation (43) becomes identical to the f{R) Gravity, which is covariant and 
independent of the chosen of set of tetrads. 

In the next section we will specify a set of tetrads that explicitly show the equivalence between the two theories to 
the limit referred to above. 


A. Friedmann-Lemaitre-Robertson-Walker case 


In this section we explicitly show that the GTT equations of motion in (34), are exactly the same as f{R) Gravity 
for the particular limit in which oi —>■ 1. We can then begin comparing the equations of motion for a easier symmetry 
of the metric, as the maximum symmetry for the cosmological Friedmann-Lemaitre-Robertson-Walker (FLRW) flat 
metric 


dSpLRW = dt'^ ~ (dx^ + dy^ + dz^) . (44) 

Gonsidering now the case of cosmology, with line element FLRW flat ( [44| ), for a diagonal tetrad = 

diagll, a(t), a(t), a(t)], we have that the equations (34) become 


^ [12 (1 - oi) (d)2 - 6aiad] /r-/a^| , 


(45) 


^ 20^1 = ^ 20^2 ^ ^ 20^3 ^ _ 


2a2 


|2a + 2d^ ^/r + [(4 - 6ai) ad -I- (8 - 12ai) (d)^] fr - /a^| 


(46) 


where d = {d/dt)a and d = {d’^/dt^)a. 

We can now compare these equations with those obtained from the f{R) Gravity, whose equations of motion are 

0 


= f^R^ - Jr . 


Gonsidering the flat FLRW metric (44), the equations (^47^ provide us 


(47) 




1 

2a 


6d—/i^ - 6d fn - af 


(48) 


^20 1 = ^20 2 = ^20 3 ^-^ 

^ ^ ^ 2a2 




(49) 


Subtracting (45) from (48) we have 


0 = ^ 2(1 - ai)dVr + «« ( “1^ - ^ ) + - «i/r) + ^ [f{R) - f(T)] 


dt 


(50) 


Subtravting (46) from (49) we obtain 






d^fr d^fR 


j + 2ad ( ^ ) -I- ad[(2 — 3ai)/r + Jr] + d^[(4 — 6ai)fj- + 2/^] 


[f{R) - f{T)] } . 


(51) 


Now we see clearly that to the limit at which ai —>■ 1, we have {T — R,f{T) f{R),h -^ fn}, then (50) and 

(51) are identically null, showing the equivalence of equations of motion between GTT and f{R) for this limit. The 
conclusion is that the GTT is only invariant under local Lorentz transformations and at the same time invariant by 
general coordinates transformations to the limit at which ai —> 1. 


















B. Spherically symmetric case 


We have demonstrated in general that the GTT is equivalent to gravity f{R), but in addition to explain this through 
a metric with specific symmetry, we want to leave the equations of motion open for further analysis of this theory. 
Let us now consider the case of a spherically symmetric and static line element 


dS^ = + sin^ Odf) , 


(52) 


we can choose the following diagonal tetrad [e“^] = (iia 5 f[e“^’’^/^,e^^’'^/^,r,rsind], which taking into account (34|, 
provides us the following equations of motion 


= - 


e-'* 

4^2 


“ 2air26');^/r + 

dr^ dr 


{air^a' + 4(ai — l)r) h' 


+4(ai — l)e*’ — oir^ {2a" + (a^)^) — 4(2ai — l)ra^ — 8 (ai — 1) 


fr + 2fr\^ 


(53) 


e f 2 , ■ ^ ^ d 


—Oi (2r^a" + r^(a')^) + 8(1 — ai)ro' + 8(1 — Oi) 


air{ra' + 4)&' + 4(ai — l)e^ 

/r + 2/r2e' 


^ (oi - 1 ) cos 


« © 2 ^ = 2 ■ n 

sin 0 


= 0 , 


(54) 

(55) 


a-b 


K U2 - K U3 - ^^2 


“ 2 r (oir5' - ra' - 2 ) —/r + 


dr'^ ^ 'dr 

+2(1 — ai)r^a" + (1 — ai)r^(a')^ + (6 — 8ai)ra' — 4(2ai — 1) 


((oi — l)r^a' + (4ai — 2)r) h' + 4aie^ 
fr + 2fr^e'\, (56) 


where ' denotes derivation in relation to radial coordinate r. Taking the metric (52) to the equations of the /(i?) 
Gravity in (47), we obtain 


-h 


to 

0 

0 

0 

II 

e 

4r 



= 



4r \ 

K^Q2^ = 

^203 = 


= - r{r}J - ra' - ‘2)^fR + {rU + 2 e^ - ra' - 2)f^ + /r^e^j . 


(57) 

(58) 

(59) 


Here first we noticed that if oi 7 ^ 1, exists an equation (55) outside the diagonal for GTT, resulting in the restriction 
of functional form /(T) = CiT + Cq, com Co,Ci S 3?. Then we have the same constraint to /(T) Gravity in this case 

[E]' _ _ _ _ 

We also see that to the limit at which m —1 1, {T —1 R,f{T) —1 f{R),fi —1 fn}, all equations (53)-(56l for GTT 
are identical to f{R) given in (57l-(59). 

Now choose a set of non-diagonal tetrads 


{e\} = 


oa/2 


0 sin 6 cos (j) r cos 9 cos (j) —r sin 9 sin (j) 

0 sin 9 sin 4> r cos 9 sin (j) r sin 9 cos </> 

0 e*’/^cos 0 —rsind 0 


(60) 


the equations to GTT in (34) provide us 


“ (2air^b' - 8 (ai - l)re'’/^ - 8 r^ —fr + 
+ 8 (ai — l))e^/^ — oir^ (2a" + (a')^) — ( 8 ai — 4)ra' — 8 (ai — 1) 


(oir^a' + 4(ai — l)r) b' + (4(ai — l)ra' 
fr + 2fr^e^] , 


( 61 ) 
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air{a'r + 4)e^^^b' + [4(ai — l)ra' + 8(ai — 1)] 

— (oir^ (2a" + (a')^) — 8(1 — ai)ra'— 8(1 — ai)) /r + 2 / , (62) 




p-b 

« ^3 - 4^2 


|4air^^/r - (^2ai6' - 4(ai - l)re'’/^ - 2r^a - 4r^ ^fr 
((ai — l)r^a' + (4ai — 2)r) 6' + 4e^ + (4(ai — l)ra' + 8(ai — 1)) 


—2(ai — l)r^a" — (ai — l)r^(a')^ + (6 — 8ai)ra' — (8ai — 4) 


fT + ‘2fr'^e^ 


(63) 


We can then see that in this case the equations of motion are diagonals. But equivalence of the GTT with the f{R) 
Gravity only gives to the limit oi —?► 1, when the equations (57l-(59) and (61|-(63) are identical. 


V. EQUIVALENCE BETWEEN GTT AND A PARTICULAR CASE OF THE /(T, B) GRAVITY 


In this section we make an important observation. When we were finishing the calculation of the non-diagonal tetrads 
case of the previous subsection, we note that a group have submitted exactly the same idea of our work here. The so-call 
/(T, B) Gravity [T5], with B = is a more general theory that presented here, where the algebraic function 

contained in action, may be any analytic function of the variables T and B. We noted then that the equivalence of this 
theory with the f{R) Gravity is given only for the specific functional form f{T,B) = f{—T + B) = f{R). Gompared 
to our theory, we have the GTT is a particular case of f{T, B) Gravity, when f{T, B) = f{—T + aiB) = f{T). We 
can show this again explicitly using equations of motion. 

The equation of motion for f{T, B) Gravity is given by 

25lUfB - + B/bS^ + (/b + / t ) 5 /^ 

+ie-^e\d^ (ee/5/^) fr - - fS^ = 2^0,^ . (64) 


The first observation here is that this theory does not fall in f{T) Gravity on general, as well as our GTT, as 
mentioned at the end of the section III Making /(T, B) = f{T), ergo Jb = 0, the equation of motion (64), using the 
identity (16), becomes 


4(a^/T)5/^ - 2 /tG/ + S^iTfr - f) = 2 k"©/ 


(65) 


This equation is not equal to ( [T7| ) for /(T) Gravity, and can not fall on GR when /(T) = T — 2A, due to sign. This 
shows that the f{T, B) Gravity also not returns on /(T) Gravity on general. 

Now we can show that the particular case /(—T -|- aiB) this theory falls in our GTT. We take the FLRW metric 
(44) with diagonal tetrads [e“ ] = dia(/[l, a, a, a], the equations of motion (64) provides us with 


k"©o° = - ^|l2(d)"/T - 6ad^fB + 2 [3ad -k 6(d)"] /b -k /a"| , (66) 

= b"© 2 ^ = k"© 33 = ^|4a(d) + [4ad-k8(d)"] /t - 2a" 

-k [6ad-k 12(d )"]/b +/a"| . (67) 


Now identifing /(—T -k aiB) = /(T), recall that T is given in (19), then 


It = 


di^drdi^_^ ^ 9/ 

dT dT dT dT ’ ^ dB 


dT df _ df 


( 68 ) 


We have that the equations (66) and (67) are identical from the GTT (45) and (46), thus showing the equivalence 
between the theories. 
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We can also confirm this by choosing the spherical symmetry for the metric (521, first for diagonal tetrads [e“^] = 
rsin0], ergo, the equations (64) provide us 


^ - 2 [2r6' + 2e^ - 2ra' - 4] /t - 2r^ 


4r-^' 


Tf-> 

dr 


+ [—r(ra' + 4)6' — 4e^ + r (2ra'' + r(a')^ + 8a') + 8] /^ — 2/r^e^| , 
^ - 4] /t + 2r [ra' + 4] 

+ [r {ra' + 4) 6' + 4e^ — r (2ra" — r{a'Y — 8a') — 8] /b + 2r^/e^| , 


= - 


^ sm ( 


cos 6 »^/t + cos 6 *^/b 
dr dr 


= 0 , 


;^02^ = /c^ 03 ^ = ^^|2r(ra' + 2 )^/t + [—r (ra' + 2) 6' + r^ (2a" + (a')^) + 6ra' + 4] fr 
^/s + [-r(ra' - 4)6' - 4e^ + r^ (2a" + (a')^) + 8ra' + 8] /b - 2/r^e*’| . 


2^-b' 

dr 


(69) 

(70) 

(71) 

(72) 


Again we have the equivalence of the equations of motion ([6^-([7^ with 
/(T) and m. 


, for the identifications f{T, B) = 


By taking the choice of non-diagonal tetrads(60), the equations of motion from the f{T.B) Gravity (64) provide us 

/t + + 2{2ra' + 4)e^^ - 4(ra' + 2)e^^/‘^] /t 


-56/2 r 


4r2 

d 


g26 _ g36/2 


dr' 


-rJB 

dr 


4rV/2i- + (8re^&-2r2e3''/2) 

-h r (ra' + 4) + 4 (ra' + 2) - (2r2a" + r{a'f + 8ra' + 8) /b + 2fr‘^e^^^‘^'^ , (73) 

p-bb/2 f p J 

K^0/ = i 4(ra'+ 2)e^^ - 8(ra'+ l)e^^/^ /t + 2r(ra'+ 4)e^'’/^ —/b 

4r^ L J dr 

+ \r{ra' + A)e^’'^'^b' + 4(ra' + 2)6^'’ - {2r‘^a" + r^{a'f + 8ra' + 8)e^'’/2j /b + 2fr‘^e^^/‘^\ , (74) 


20 2 = ^20 3 ^ 


= -56/2 

4r2 


4re^*’— 2r(ra'+ 2)e^^/^ -j-fr 
J dr 


r(ra' + 2)e^^/^6' - 4e®'’'^^ + 4(ra' + 2)e^^ - (2r^a" + r^(a')^ + 6ra' + 4) /t 


4^2g36/2^^4^g26_2^2g36/2^, 

dr 


tI- 

dr 


r{ra + 4)e^''/^b' + 4(ra' -h 2)e^^ - {2r^a" + r^{a f + 8ra + 8 ) /b + 2fr^e^^/^ \ . (75) 

(76) 


Just as before, making identifications f{T,B) = f{T) and (68), the equations (73)-(75) are identical from the GTT 


in (61)-(63), confirming again the equivalence of these theories. 


VI. APPLICATIONS TO GTT 
A. Reconstrction for de Sitter Universe 

A method to obtain the functional form of the algebraic function /(T) is the so-called reconstruction. This method 
is to specify a model that fix the material content of the theory in terms of scalar T, allowing to reconstruct the 
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functional form of /(T) through of the equations of motion of the theory. 

We will choose the particular case of flat FLRW metric in which a{t) = aoexp[Ho{t — to)],ao, Ho,to G 3?+, it 
provides us with the model of de Sitter universe, where H{t) = d/a = Hq. In this case, using (19), we have that 
Ho{T) = \/T /[6(1 — 3ai)], H = 0 and {d/dt)fj- = frT{d/dt)T = 0. Knowing that = 3i?g, the equation 

(45) provide us 


mo{T)f = 3[i?o(r)]2(2 - 3ai)/r(r) - -/(T), 


(77) 


integrating with respect to that T results in 

f(r) = r + [(2 - 3a^)7^(i-3«i)/(2-3ai) ^ g SJJ ^ 


(78) 


B. Spherially symmetric type-de Sitter solution 


We take here the limit at which oi —)• 0 in (34), that after use the identity (16) and the consideration T —>■ —T, 
results in 


M-T)GJ + -SZ [/(-T) - Tfri-T)] = 


(79) 


As in f{R) Gravity [Hj, we can consider a very specific case where R = Rq = —To + Bo,T = To = —To + aiRo = —To, 
with Ro,Tq,Bq G Stt and Bo is dehned by (19). In the case of a perfect fluid 0^,^ = diag[po, —po, —po, —Po], and 
dfifr = Itt^^To = 0, which results in the equations 


Ru=- 

which taking the trace results in 


- - - 0 

M-To) ^ r- 


Rq To — 


fi-To) 

/to(-To). 


(80) 


Bo = 


/to(-To) 


[Po — 3po) + 2 


f(-To) 

/to(-To) 


-To 


(81) 


Considering now the line element (52), for b{r) = —a{r) and po = —po (type-dark energy), we can integrate the 

(82) 


equations of motion (80), where we get the following solution 

, f{-To)- fTo{-To)To + 2K^po 2 


a(r) = —h{r) = log 


1 -h 


Cl 


Vn{-To)r 


6/to(-To) 


This is a static type-de Sitter solution where we can identify effective cosmological constant (—Ae///3) = [/(—Tq) — 
/to(— To)To -I- 2k^po]/[6/to(—To)]- A solution type-de Sitter was also previously obtained in f{R) Gravity for a{r) = 
—b{r) and R = Ro [16]. We emphasize here that this solution it comes to different theory to /(T) Gravity, 
because the GTT does not fall in f{T) Gravity for oi —0, except for the special case where /(T) is a 
odd analytic function, that is /(—T) = —f(T). 


C. Evolution for the state parameter of the dark energy 


A good test for our theory is the evolution of a model of the universe. This can discard or keep a theory depending 
on whether it is in agreement with the observational data. 

Let’s follow the procedure found in m to determine the state parameter uide- For a universe permeated by a 
perfect fluid, of which equation of state is governed by p = wp, we can rewrite the equations of motion (45) and (46) 
as 


3772 = n'^Geff {pm + PDe) , H =^, Geff = (3^^ _ 2) fj- ’ ^ 


3ai (iT/r - Hfr) - If 


(83) 


hG 1 

TT = --^Geff {Pm + PDE + Pm + PDe) , PDE = 

A Ki 


“i/r + Hfr - 2 / 


(84) 



























12 


Now we can defining the state parameter of dark energy by 


ujde = 


PDF _ aifr + Hfr - y 


PDE 3ai (kfr - Hfr) -y' 
We now assume an exponential model, as well as Hi!, defined by 

/(r) = r-/3r«(^i-exp 

We will now test for a solution of the type power law 


(85) 


r 

Ts 


a 


a(t) = t °‘, H{t) = - . 


( 86 ) 


(87) 


We can show that (87) is a solution of the equations of motion (83) and (84) if the material part is given 
by the expressions 

Pmt = 2 ^ 47;^2 + 6aTst'^{ai + a{3ai - 2)) + 72aia^(ai(2a - 1) - a)] P 


+Tst^ [- 6 a^ + 6 aai (2 + a) - PTst^] | 


Pmt — 


2T?kH^ 


6a[ai+Q(l-2ai)] 


e [-r/t® + 2r/at^(-4 + 3ai(2-3a) + 6 a) + 288010 ^( 01 +a(l- 2 oi ))2 


-24rst^a(3ai - a)(-a + ai(2a - l))]/3 + [2a(-4 - 3oi(a - 1) + 3a) +| 


( 88 ) 


(89) 


The figure is the temporal evolution of the state parameter ujde of the dark energy. The red curve is obtained 
with constant given by {a = 2,/? = 1,7^ = /P,Hq = 0.75, = 0.23, oi = 1000}, where we can see that 

the fluid is always phantom lode < —1- The blue curve is obtained with constant given by {a = 20,/3 = 1,7^ = 
Hoy^'>/p,Ho = o.75,yy = o .23,01 = 1}, where we can see that the fluid is always phantom lode < —1, but it 
fluctuates approximately between the values —1.05 and —1.08. The most interesting case is the green curve obtained 
for the constants {a = 2,/3 = 1,71 = Hq^^/P,Hq = 0.75,17^^ = 0.23, Oi = 0.1}. In this case we see that the 
fluid begins in a rather phantom phase, going through another phase type quintessence, heading toward a behavior of 
baryonic matter (w > 0) and finally returning the phantom phase. The result is that the current accelerated expansion 
of the universe and the crossing of the phantom divide from the phantom phase to the non-phantom (quintessence) 
one can be realized, as well as in m- 


D. Thermodynamics for a apparent horizon 


A further application is for Thermodynamics of the apparent horizon in cosmology 
the formulation given in |18j . 

We can establish a similar equation of continuity, deriving over time (83) and using 


FLRW metric. We can follow 


(84) 


Pm + Pde + 377 {pm + Pde + Pm + Pde) — 377 


2 ^ 
dt 



(90) 


Whereas the baryonic matter is conserved [pm + 3 H[pm + Pm) = 0), we can see that dark energy is not conserved, 
yielding the interpretation that it is a system out of equilibrium with entropy production (non-equilibrium thermo¬ 
dynamics). Following exactly the same steps in [18], we can establish the first law of thermodynamics 


TAdSA + TAdSp = -dEMs + WdV , TAdSp = -\fA{l + 2EfATA)d ■ (91) 

at where Ta the temperature of the apparent horizon, dSA is the entropy of the apparent horizon, dSp is the produced 
entropy, dEMS is the Misner-Sharp energy, W the work and dV the volume element of the apparent horizon. Here it 
is clearly seen that the first law of thermodynamics is consistent for entropy production associated with an effective 
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Figure 1; Representation of the temporal evolution of uj£tE{i)- 


Newton constant Geff, given in (83), which for the linear case of /(T) the entropy production vanishes and the 
system back to equilibrium. 


If we take the same model of the previous section, i.e. (86) and (87), we can explicitly show the time 
dependence of effective Newton constant in (83) 


G, 


eff 


6a[ai+.>(l-2oi)] 

= (3ai-2)"N l+/3e 


-1 


(92) 


Here are two important observations. The first is that it becomes explicit dependence of the first law 
of thermodynamics to the specific choice of the value on oi in (92). The second is that by taking the 


particular value /? = 0 in (92), clearly we have Geff = (3ai — 2) 
the theory in relation to the specific value of oi, and from 
where there is no entropy production. 


, which again shows the dependence of 
(86) and (91) we return to linear theory. 


VII. CONCLUSION 

We construct a theory that describes the gravitational interaction through effects of torsion of space-time. This 
theory generalizes the Teleparallel Theory keeping the invariance by both local Lorentz transformations as general 
coordinates transformations for a particular case. 

The action of our theory is described by a general algebraic function that depends on a tensorial scalar T which is 
classified by a real parameter oi. Our theory falls exactly in f{R) Gravity when we take the limit in which oi —> 1. 
This is shown from the equations of motion of the two theories. 

We show explicitly through the equations of motion of our theory that it is also equivalent to recent f(T, B) Gravity, 
when f{T, B) = f{-T + aiB). 

We make two small applications of our theory, reconstructing the action for the particular case of de Sitter universe 
for the flat FLRW metric, with a set of diagonal tetrads, and for obtain a static type-de Sitter solution. We also 
analyse the evolution of the state parameter of the dark energy and the first thermodynamics law for the apparent 
horizon. 
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Our theory is a good scenery to an attempt to explain the accelerated expansion of our universe, by modifying the 
teleparallel usual gravitation, or analogous to Einstein gravity. The real parameter oi which classifies which theory 
the GTT describes, it is crucial to any consideration of cosmological phenomena. We also expect new solutions of 
black holes arise through our theory, in which may also suggest some light on the so-called dark matter explanation 
on local effects of gravitation. 

Another perspective is to show the stability of the three solutions discussed here. This should be a 
topic for future work. 


Acknowledgement: Manuel E. Rodrigues thanks UFPA, Edital 04/2014 PROPESP, and CNPq, Edital 
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